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Abstract. We consider the gauge-boson sector of a locally SU(2) × U(1) invariant effective Lagrangian
with ten dimension-six operators added to the Lagrangian of the standard model. These operators induce
anomalous three- and four-gauge-boson couplings and an anomalous γγH coupling. In the framework of
this effective Lagrangian we calculate the helicity amplitudes and differential and total cross sections for the
process γγ → WW at a photon collider. We give relations between different parts of the amplitudes that
show which linear combinations of anomalous couplings are measurable in this reaction. The transformation
properties of the differential cross section under CP are discussed. We find that three linear combinations
of CP -conserving and of CP -violating couplings can be measured independently of the photon polarization
in γγ → WW .

1 Introduction

Given the large variety of particle-physics models that
claim to replace the standard model (SM) at a high energy
scale Λ, it is a vital approach for precision experiments
at a future e+e− linear collider ILC with a design like
TESLA [1] or CLIC [2] to probe new-physics effects in a
model-independent way. A γγ collider – where two high-
energy photons are obtained through Compton backscat-
tering off high-energy electrons – extends the physics poten-
tial of an ILC substantially. Such a photon-collider option
is planned for example at e+e− machines like TESLA [3]
or CLIC [4]. The SM is very successful at energies up to
the electroweak scale, set by the vacuum expectation value,
v ≈ 246 GeV, of the SM-Higgs-boson field. Assuming

Λ � v (1.1)

new-physics effects can be taken into account using an
effective Lagrangian that consists of the SM Lagrangian
supplemented by operators of dimension higher than four;
see [5, 6] and references therein. We adopt the approach
of [5], where all operators up to dimension six are con-
structed that contain only SM fields and are invariant
under the SM gauge symmetry SU(3) × SU(2) × U(1).
In a preceding work [7] we have extensively discussed the
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gauge-boson sector of such a Lagrangian,

Leff = L0 + L2 , (1.2)

where L0 is the Lagrangian of the SM (for our conventions
see Appendix A) and the second term

L2 =
(
hW OW + hW̃ OW̃ + hϕW OϕW

+hϕW̃ OϕW̃ + hϕBOϕB + hϕB̃OϕB̃ + hWBOWB

+hW̃BOW̃B + h(1)
ϕ O(1)

ϕ + h(3)
ϕ O(3)

ϕ

)
/v2 , (1.3)

contains all dimension-six operators that either consist only
of electroweak gauge-boson fields or that contain both
gauge-boson fields and the SM-Higgs field. There is no
gauge invariant dimension-five operator that can be con-
structed out of these fields. We list the definitions of the
operators of L2 in Appendix A. Four operators are CP -
violating, namely those containing the dual W - or B-field
strengths; they are denoted by a tilde on the subscripts in
(1.3). We have divided by v2 in order to render the coupling
constants hi dimensionless. The hi are subsequently called
anomalous couplings. We have

hi ∼ O
(
v2/Λ2) . (1.4)

The new operators (1.3) have an impact on a large
number of electroweak precision observables as calculated
in [6–8]. It is particularly interesting to study the rich
phenomenology induced by the Lagrangian (1.2) at an ILC
both in the high-energy e+e− and γγ modes, and in the
Giga-Z mode.
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There are other ways to parameterize new-physics ef-
fects. For instance in a form-factor approach for the γWW
and ZWW couplings anomalous effects are parameterized
by 28 real parameters if one also allows for imaginary parts
in the form factors [9]. In such a framework no anomalous
contributions at the fermion-boson vertices or at the bo-
son propagators occur. The sensitivity to the anomalous
triple-gauge-boson couplings in the reaction e+e− → WW
at an ILC for different beam polarizations has been studied
in detail in [10]. There are ways to translate the bounds
on the anomalous couplings from the form-factor approach
to the effective-Lagrangian approach [7]. In the same ref-
erence also the advantages of the different approaches are
surveyed and a discussion of the relation to other work
on anomalous electroweak gauge-boson couplings in e+e−
annihilation [1, 9–17] is given.

In the form-factor approach implications from a fu-
ture γγ collider for anomalous couplings were discussed
in [17–25]. At tree level anomalous triple-gauge-boson cou-
plings from the γWW vertex but not from theZWW vertex
contribute. In [17] it was argued that the precision for the
measurement of the γWW coupling is comparable in the
e+e− and the γγ modes. The γγWW vertex contributes
already at tree level at a photon collider. Hence also impli-
cations from anomalous quartic-gauge-boson couplings can
be investigated. Certain analyses of anomalous couplings
at a γγ collider are focused on anomalous triple-gauge-
boson couplings [17,18], on anomalous quartic-gauge-boson
couplings [19, 20] and on CP -violating gauge-boson cou-
plings [21, 26]. In [22–24] the finite width of the W boson
and virtual and real corrections [24] are also taken into
account. For a discussion of the anomalous γγH vertex in
the γγ and eγ modes at an ILC see [25]. Implications for the
process γγ → WW induced by some of the dimension-six
operators in (1.3) were investigated in [26,27].

In our present work we study, in the framework of the
Lagrangian (1.2), the process γγ → WW → 4 fermions.
In the reaction γγ → WW anomalous contributions to the
γWW , γγWW and γγH vertices can be studied. We do
this by applying the Lagrangian (1.2) and (1.3) as calcu-
lated in [7] in terms of the physical fields A, Z, W± and H.
Finally we expand to linear order in the anomalous cou-
plings. Throughout this and the companion paper II [28],
we use the parameter scheme PW (see Sect. 4.2 of [7]),
which contains the W boson mass mW as an input param-
eter. In Sect. 4.1 of [7] we discussed the scheme PZ , which
contains the Z boson mass mZ as an input parameter.
There the hi would modify the W mass and therefore the
kinematics of the reaction, which is highly inconvenient.
Let us mention that in our approach, where we use the
effective Lagrangian (1.2) to construct all required inter-
actions, no further assumptions are needed to relate the
cross sections for the e+e− and the γγ modes. On the other
hand in the form-factor approach one has to add for every
contributing vertex new form factors. Hence it is getting
more involved to calculate combined constraints from the
e+e− and the γγ modes on anomalous couplings. In the
companion paper [28] we will compare the sensitivity on the
couplings in (1.3) from the e+e− and γγ modes and high
precision observables. To this end we shall calculate in [28]
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Fig. 1. Conventions for particle momenta and helicities

the minimum errors on the anomalous couplings obtainable
in γγ → WW by means of optimal observables [11,29].

Our paper is organized as follows: In Sect. 2 we derive
the helicity amplitudes and the differential cross section for
the process γγ → WW with fixed c.m. energy. In Sect. 3
the discrete-symmetry properties of the anomalous interac-
tions are explained. We present our conclusions in Sect. 4.
In Appendix A we give our conventions for the SM La-
grangian and list the additional dimension-six operators
of the effective Lagrangian. Those Feynman rules derived
from the effective Lagrangian that are needed for the cal-
culation of the process γγ → WW → 4 fermions are listed
in Appendix B. In Appendix C we give our conventions for
particle momenta and polarization vectors. The analytic
results for the helicity amplitudes of the production process
γγ → WW are given in Appendix D.

2 Cross section for γγ → WW → 4 fermions

In this section we derive the spin-averaged differential cross
section for the process

γγ → W−W+ → (f1f2)(f3f4) (2.1)

in the scheme PW . The final-state fermions in (2.1) are lep-
tons or quarks. We consider this reaction for fixed photon
energies in the framework of the effective Lagrangian (1.2).
The case where the initial photons are not monochromatic
but have Compton energy spectra raises additional com-
plications with the kinematical reconstruction of the final
state. This will be considered in [28] applying the meth-
ods presented in [30]. Our notation for particle momenta
and helicities is shown in Fig. 1. The production of the W
bosons is described in the γγ c.m. frame. Our coordinate
axes are chosen such that the WW -boson production takes
place in the x–z plane, the photon momentum k1 points
in the positive z-direction and the y unit vector is given
by êy = (k1 × k3)/|k1 × k3|. In the γγ c.m. frame and at
a given c.m. energy

√
s, a pure initial state of two photons

is uniquely specified by the photon helicities:

|λ1λ2〉 = |γ(k1, λ1)γ(k2, λ2)〉,
λ1, λ2 = ± 1. (2.2)

Then the differential cross section for an unpolarized initial
state is

dσ =
1
2s

1
4

∑
λ1,λ2

|〈f |T |λ1λ2〉|2 dΓ, (2.3)
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Table 1. Contributions of the SM Lagrangian and of the anomalous operators (1.3)
to different vertices in order O(h). The coupling h

(3)
ϕ contributes to the ZWW vertex

in the scheme PZ but not in PW

SM hW hW̃ hϕW hϕW̃ hϕB hϕB̃ hWB hW̃B h
(1)
ϕ h

(3)
ϕ

γWW
√ √ √ √ √

ZWW
√ √ √ √ √

PZ

γγWW
√ √ √

γγH
√ √ √ √ √ √

where T is the transition operator,

|f〉 = |f1(p1, σ1) f2(p2, σ2) f3(p3, σ3) f4(p4, σ4) 〉 (2.4)

is the final state and the phase-space measure for final
states is as usual

dΓ =

(
4∏

i=1

d3pi

(2π)32p0
i

)
(2π)4δ(4)

(
k1 + k2 −

4∑
i=1

pi

)
.(2.5)

Using the narrow-width approximation for the W bosons
and considering all final-state fermions to be massless,
we obtain

dσ

dcos Θ dcos ϑ dϕ dcos ϑ dϕ

=
3β

213π3s
B12 B34 Pλ3λ4

λ′
3λ′

4
Dλ3

λ′
3
Dλ4

λ′
4
, (2.6)

where summation over repeated indices is implied and
β = (1 − 4m2

W /s)1/2 is the velocity of each W boson in the
γγ c.m. frame. The branching ratio for the decay W → fif j

is denoted by Bij . The W helicity states are defined in the
coordinate system shown in Fig. 1. For the definition of
the polarization vectors see Appendix C. The polar angle
between the positive z-axis and the W− momentum is de-
noted by Θ. The cross section does not depend on the
azimuthal angle of the W− momentum due to rotational
invariance. The respective frames for the decay tensors are
defined by a rotation by Θ about the y-axis of the frame
in Fig. 1 such that the W− (W+) momentum points in
the new positive (negative) z-direction and a subsequent
rotation-free boost into the c.m. system of the correspond-
ing W boson. The spherical coordinates ϑ, ϕ and ϑ, ϕ are
those of the f1 and f4 momentum directions, respectively.
The production and decay tensors in (2.6) are given by

Pλ3λ4
λ′

3λ′
4
(Θ) (2.7)

=
∑

λ1,λ2

M(λ1, λ2; λ3, λ4)M∗(λ1, λ2; λ′
3, λ

′
4),

M(λ1, λ2; λ3, λ4) (2.8)

≡ 〈W−(k3, λ3)W+(k4, λ4)|T |γ(k1, λ1)γ(k2, λ2)〉,

Dλ3
λ′

3
(ϑ, ϕ) = lλ3

l∗λ′
3
, (2.9)

Dλ4

λ′
4
(ϑ, ϕ) = lλ4

l
∗
λ′

4
, (2.10)
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Fig. 2. SM diagrams for γγ → WW
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Fig. 3.Diagramswith anomalous triple- or quartic-gauge-boson
couplings for γγ → WW
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Fig. 4. Diagram with anomalous γγH coupling for γγ → WW

where we have suppressed the phase-space variables on
the right hand side. The functions occurring in the decay
tensors are listed in Appendix D.

To first order in the anomalous couplings the production
amplitude M contains the SM diagrams (Fig. 2), diagrams
containing one anomalous triple- or quartic-gauge-boson
vertex (Fig. 3), and an s-channel Higgs-boson exchange
(Fig. 4). The Feynman rules that are necessary to compute
these diagrams are listed in Appendix B. Table 1 shows
which operators contribute to the three kinds of anoma-
lous vertices in Figs. 3 and 4. We expand the production
amplitudes to first order in the anomalous couplings:

M = MSM +
∑

i

hiMi + O(h2), (2.11)

where all particle momenta and helicities are suppressed.
MSM is the SM tree-level amplitude and i = W , W̃ , ϕW ,
ϕW̃ , ϕB, ϕB̃, WB, W̃B. The couplings h

(1)
ϕ and h

(3)
ϕ do
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not enter the amplitudes (2.11) to first order. The different
terms on the right hand side of (2.11) for the various helicity
combinations of the incoming and outgoing gauge bosons
are listed in Appendix D. We find relations between am-
plitudes corresponding to different anomalous couplings.
These relations depend on combinations of input parame-
ters of PW ,

s2
1 ≡ e2

4
√

2 GF m2
W

, c2
1 ≡ 1 − s2

1; (2.12)

see Sect. 4.2 of [7]. Up to corrections from anomalous cou-
plings s1 is the sine of the weak mixing angle. Two of these
relations are independent of the photon or W helicities:

s2
1 MϕB = c2

1 MϕW , (2.13)

s2
1 MϕB̃ = c2

1 MϕW̃ , (2.14)

where all helicities and momenta are understood to be equal
on both sides.Hence the corresponding four anomalous cou-
plings do not appear in the amplitudes in an independent
way but only as linear combinations:

hϕWB ≡ s2
1 hϕW + c2

1 hϕB , (2.15)

hϕW̃B̃ ≡ s2
1 hϕW̃ + c2

1 hϕB̃ . (2.16)

Another relation depends on the photon helicity λ1:

MϕW̃ = 2iλ1 MϕW . (2.17)

Notice that the anomalous couplings do not modify the
couplings of the W boson to fermions in the scheme PW [7].
Thus there are no modifications of the decay amplitudes
of the W bosons due to the hi. We conclude that the
differential cross section of γγ → WW is sensitive to the
anomalous couplings hW , hW̃ , hϕWB , hϕW̃B̃ , hWB and hW̃B .

The couplings h
(1)
ϕ , h

(3)
ϕ and the orthogonal combinations

to (2.15) and (2.16), that is

h′
ϕWB = c2

1hϕW − s2
1hϕB , (2.18)

h′
ϕW̃B̃

= c2
1hϕW̃ − s2

1hϕB̃ , (2.19)

do not enter in the expressions for the amplitudes of γγ →
WW due to (2.13) and (2.14). Thus three CP conserving
couplings and one CP violating coupling are unmeasurable
in γγ → WW .

We would like to mention some features of the differ-
ential production cross section in the SM; see Figs. 5 and
6. Its cos Θ-dependence can be understood from the con-
servation of angular momentum in the γγ c.m. system.
Photons with opposite helicities lead to an initial state
with z-component of angular momentum ±2. From this
one cannot produce W− and W+ emitted along the z-axis
(cos Θ = ±1) with identical helicities, since this would be
a state with z-component of angular momentum zero; see
Fig. 6. However, emission at an angle 0 < Θ < π is possible.
In the SM, two photons with identical helicities can only
produce W bosons with identical helicities. Furthermore,

if the photons have identical helicities and the W bosons
as well, the production of W bosons with helicity different
to that of the photons is suppressed with rising energy.
Moreover, it is apparent from Figs. 5 and 6 that in the SM
the bulk of W s is transverse and is emitted at a small angle
to the beam axis, i.e. cos Θ ≈ ±1.

We also want to discuss the anomalous contributions
to the differential cross sections (2.6) after integration over
ϕ, ϑ, ϕ̄, ϑ̄. Expanding this cross section in terms of hi,

dσ

d cos Θ
=

dσSM

d cos Θ
+
∑

i

hi
dσi

d cos Θ
+ O(h2), (2.20)

one can define the cross section contributions dσi/d cos Θ
shown in Fig. 7 for the CP -conserving couplings. To lead-
ing order in the couplings hi the CP -violating contribu-
tions dσi/d cos Θ vanish, due to symmetry arguments; see
Sect. 3. The shape of the SM and the anomalous cross sec-
tion contributions varies significantly; compare Fig. 5 and
Fig. 7. Thus it is possible to get some information on the
CP -conserving anomalous couplings just from the differ-
ential cross section (2.20). We get information both on
CP -conserving and CP -violating couplings if we take the
angular distributions of the final-state fermions in (2.1) into
account. In the companion paper [28] this will be done us-
ing optimal observables which guarantee the best possible
accuracy in the measurement of the anomalous couplings
from a purely statistical point of view.

Finally, we discuss the total cross section for the pro-
cess γγ → WW for unpolarized photons including effects
from anomalous couplings. In Fig. 8 we show the total SM
cross section and the relative corrections (σ − σSM)/σSM
to the total cross section coming from anomalous contri-
butions up to quadratic order in the hi. For each of these
relative corrections only one coupling hi is different from
zero. As expected, the anomalous cross sections rise with
the energy if anomalous couplings are taken into account.
For the three CP -conserving couplings contributing to the
cross section in linear order we get different contributions
for positive and negative values of the couplings hi. In the
limit s � m2

W only the coupling hWB contributes with a
linear term in σ, for all other couplings hi the anomalous
contributions to the total cross section are in this limit of
the order h2

i , due to the fact that the linear terms vanish
after the integration over the angles related to the final
fermion states. We see from Fig. 8 that for hWB = 10−3,
the maximal value allowed from the analysis of precision
observables (see Table 8 of [7]), the total cross section at√

s = 500 GeV is modified only by ≈ 0.4%. The other cou-
plings have similarly small effects already for hi = 10−2.
In addition, effects in the cross section are, of course, not
specific to any of the couplings. On the other hand we
will show below that in the complete differential cross sec-
tion (2.6) the anomalous contributions are dominated by
the terms of the order hi for reasonable energies. Typical
bounds on anomalous couplings obtainable at an e+e− col-
lider at

√
s = 500 GeV are less than 10−3 with optimal

observables. Quadratic terms of anomalous couplings can
then safely be neglected. For the total cross sections for
example they would then be less then order 10−4.
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Fig. 5. Differential cross section for the process
γγ → WW in the SM with unpolarized photons
at γγ c.m. energies 400 GeV, 640 GeV, 1.2 TeV
and 2.4 TeV for different helicities (λ3, λ4) of the
W bosons. For those curves where more than
one helicity combination is indicated the curve
corresponds to a single helicity combination,
not to the sum

3 CP symmetry

To determine the sensitivity to the anomalous couplings –
in particular within the framework of optimal observables
considered in [28] – it is convenient to make use of the trans-
formation properties of the amplitudes under the combined
discrete symmetry CP of charge conjugation and parity
reversal. Since our effective Lagrangian does not modify
the SM couplings of W bosons to fermions these interac-
tions are CP invariant as in the SM neglecting the phase in
the CKM matrix. This phase plays no role in our consider-
ations below. However the effective Lagrangian (1.2) as a
whole is not CP -conserving since it contains CP -violating
anomalous gauge-boson couplings. The primed fields of the
effective Lagrangian, see Appendix A, transform under CP
as follows:

A′ µ(x) → −A′
µ(x′), (3.1)

Z ′ µ(x) → −Z ′
µ(x′), (3.2)

W ′± µ(x) → −W ′ ∓
µ (x′), (3.3)

with x = (x0,x) and x′ = (x0, −x). Without the
dimension-six operators in (1.2) the primed gauge fields
are the physical fields. The Lagrangian is then the SM
Lagrangian, which is invariant under the transformations
(3.1) to (3.3) and an appropriate choice for the CP trans-
formation of the other SM fields if the phase of the CKM
matrix is set to zero. Considering the full Lagrangian (1.2),
the physical fields, which are linear combinations of the
primed fields as given in [7], transform as

Aµ(x) → −Aµ(x′), (3.4)

Zµ(x) → −Zµ(x′), (3.5)

W± µ(x) → −W∓
µ (x′). (3.6)

This implies the following relations for the different parts
of the amplitudes in (2.11)

MSM(λ1, λ2; λ3, λ4) (3.7)

= (−1)(λ3+λ4)MSM(−λ2, −λ1; −λ4, −λ3),
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Fig. 6. Differential cross section for the pro-
cess γγ → WW in the SM for different helicities
(λ1, λ2, λ3, λ4) of the photons and W bosons at
γγ c.m. energies of 400 GeV and 640 GeV. The
lower part shows the cross section for purely
transverse final states, whereas in the upper
part one or both W s are longitudinal. For those
curves where more than one helicity combina-
tion is indicated the curve corresponds to a
single helicity combination, not to the sum

Mi(λ1, λ2; λ3, λ4) (3.8)

= πi(−1)(λ3+λ4)Mi(−λ2, −λ1; −λ4, −λ3),

with πi = +1 for the couplings hW , hϕW , hϕB , hWB , and
πi = −1 for hW̃ , hϕW̃ , hϕB̃ and hW̃B . Particle momenta
are understood to be equal on both sides of (3.7) and (3.8).
From these two equations we can see that the couplings
hW , hϕW , hϕB , hWB are CP -conserving – as are h

(1)
ϕ and

h
(3)
ϕ – whereas the couplings hW̃ , hϕW̃ , hϕB̃ and hW̃B are

CP -violating.
Under the condition that the initial state, phase-space

cuts and detector acceptance are invariant under a CP
transformation, a CP odd observable gets a non-zero ex-
pectation value only if CP is violated in the interaction.
Consider now the reaction γγ → WW for fixed photon
energies in the c.m. system. The initial state is invariant
under CP for unpolarized photon beams as well as for the
states with |Jz| = 2, where Jz is the total angular momen-
tum along the z-axis; see Fig. 9. For a photon collider with
identical energy spectra for the two photons the same CP

invariance properties hold. This will be exploited for our nu-
merical calculations in [28] assuming unpolarized photons,
so that we indeed have a CP invariant initial state. There
to linear order in the hi the expectation values of CP even
(odd) optimal observables only involve the CP -conserving
(violating) couplings. Then – provided couplings with the
same discrete-symmetry properties are grouped together –
the covariance matrix of the optimal observables is block di-
agonalwith twoblocks corresponding to theCP -conserving
and CP -violating couplings, respectively.

4 Conclusions

We have analyzed the phenomenology of the gauge-boson
sector of an electroweak effective Lagrangian that is locally
SU(2)×U(1) invariant. In addition to the SM Lagrangian
we include all ten dimension-six operators that are built
either only from the gauge-boson fields of the SM or from
the gauge-boson fields combined with the SM-Higgs field.

We have investigated in detail the effects of the ef-
fective Lagrangian on the reaction γγ → WW in the
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Fig. 7. Anomalous contributions dσi/d cos Θ (2.20) to
the differential cross section for the process γγ → WW
with unpolarized photons at a γγ c.m. energy of
400 GeV for different helicities (λ3, λ4) of the W bosons

photon-collider mode at an ILC. In this process the
three CP -conserving couplings hW , hWB , hϕWB and the
three CP -violating couplings hW̃ , hW̃B , hϕW̃B̃ are measur-
able, whereas the remaining three CP -conserving ones
h

(1)
ϕ , h

(3)
ϕ , h′

ϕWB and a CP -violating one h′
ϕW̃B̃

are not mea-
surable; see Sect. 2. The strongest possible bounds on the
anomalous couplings that can be obtained in our reaction
will be computed in the companion paper [28] by means
of optimal observables. There are two CP -conserving and
two CP -violating couplings occurring both in γγ → WW
and in e+e− → WW , whereas the couplings hϕWB and
hϕW̃B̃ are only measurable in γγ → WW . A comparison
of the sensitivity to the anomalous couplings achievable in
the two reactions will be performed in [28]. Such a quan-
titative analysis is important to decide how much total
luminosity is required in each mode of an ILC. As already
explained in Sect. 1, our approach, using the effective La-
grangian (1.2) instead of form factors, is perfectly suited for
a comprehensive study of all constraints on the hi coming
from different modes at an ILC and from high precision

observables. We have seen that in any case the e+e− and
the γγ modes deliver complementary constraints on the
anomalous couplings of the effective Lagrangian consid-
ered. Both modes are indispensable for a comprehensive
study of the gauge-boson sector at an ILC.
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Appendix A: Effective Lagrangian

In this appendix we give the definition of the effective
Lagrangian (1.2). For the SM Lagrangian L0 we use the
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cross section including contributions up to quadratic
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all other anomalous couplings are set to zero. The
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Fig. 9. Behavior of a γ γ state with opposite (top) and same
(bottom) helicities under a CP transformation

conventions of [31]. Restricting ourselves to the electroweak
interactions and neglecting neutrino masses L0 is given by

L0 = − 1
4

W i
µνW i µ ν − 1

4
BµνBµν (A.1)

+ (Dµϕ)† (Dµϕ) + µ2ϕ†ϕ − λ
(
ϕ†ϕ

)2
(A.2)

+iLD/ L + iED/ E + iQD/ Q + iUD/ U + iDD/ D

−
(
E ΓE ϕ†L + U ΓU ϕ̃†Q + D ΓD ϕ†Q + H.c.

)
.

The 3 × 3-Yukawa matrices have the form

ΓE = diag(ce, cµ, cτ ), (A.3)

ΓU = diag(cu, cc, ct), (A.4)

ΓD = V diag(cd, cs, cb)V †, (A.5)

where the diagonal elements all obey ci ≥ 0 and V is the
CKM matrix. With these conventions the matrices ΓE , ΓU ,
ΓD correspond to the matrices C�, C ′

q, Cq in [31], respec-
tively. The vector of the three left-handed lepton doublets
is denoted by L, of the right-handed charged leptons by E,
of the left-handed quark doublets by Q, and of the right-
handed up- and down-type quarks by U and D. The Higgs
field is denoted by ϕ. After electroweak symmetry breaking
we can choose the form

ϕ(x) =
1√
2

(
0

v + H ′(x)

)
, (A.6)

where v is the vacuum expectation value and H ′(x) is a
real scalar boson field. With the full Lagrangian Leff (1.2)
it is related to the physical Higgs-boson field H(x) through

H =
√

1 +
(
h

(1)
ϕ + h

(3)
ϕ

)
/2 H ′. (A.7)

The factor depending on the anomalous couplings stems
from the renormalization of the Higgs field [7]. In (A.1) we



O. Nachtmann et al.: Effective-Lagrangian approach to γγ → WW I: Couplings and amplitudes 687

Table 2. Weak hypercharges of the fermions and of the
Higgs doublet

L E Q U D ϕ

y − 1
2 −1 1

6
2
3 − 1

3
1
2

have used the definitions

ϕ̃ = εϕ∗, ε =
(

0 1
−1 0

)
, (A.8)

and for the covariant derivative

Dµ = ∂µ + igW i
µTi + ig′BµY, (A.9)

where Ti and Y are the generating operators of weak-
isospin and weak-hypercharge transformations. For the
left-handed fermion fields and the Higgs doublet we have
Ti = τi/2, where τi are the Pauli matrices. For the right-
handed fermion fields we have Ti = 0. The hypercharges of
the fermions and of the Higgs doublet are listed in Table 2.
The field strengths are

W i
µν = ∂µW i

ν − ∂νW i
µ − g εijk W j

µW k
ν , (A.10)

Bµν = ∂µBν − ∂νBµ. (A.11)

Note that the signs in front of the gauge couplings in (A.9)
and (A.10) differ from the conventions of [5], which leads
to sign changes in some of the dimension-six operators
listed below. The dimension-six operators of L2 in (1.3)
are defined as follows, see (3.5), (3.6), and (3.41) to (3.44)
in [5]:

OW = εijk W i ν
µ W j λ

ν W k µ
λ , (A.12)

OW̃ = εijk W̃ i ν
µ W j λ

ν W k µ
λ , (A.13)

OϕW =
1
2
(
ϕ†ϕ

)
W i

µνW i µν , (A.14)

OϕW̃ =
(
ϕ†ϕ

)
W̃ i

µνW i µν , (A.15)

OϕB =
1
2
(
ϕ†ϕ

)
BµνBµν , (A.16)

OϕB̃ =
(
ϕ†ϕ

)
B̃µνBµν , (A.17)

OWB =
(
ϕ†τ iϕ

)
W i

µνBµν , (A.18)

OW̃B =
(
ϕ†τ iϕ

)
W̃ i

µνBµν , (A.19)

O(1)
ϕ =

(
ϕ†ϕ

)
(Dµϕ)† (Dµϕ) , (A.20)

O(3)
ϕ =

(
ϕ†Dµϕ

)† (
ϕ†Dµϕ

)
. (A.21)

The dual field strengths are

W̃ i
µν =

1
2

εµνρσW i ρσ, (A.22)

B̃µν =
1
2

εµνρσBρσ. (A.23)

In [7] the original W i
µ and Bµ fields in Leff are expressed

in terms of the primed fields Z ′, A′ and W ′± as follows:

W 1
µ =

1√
2

(
W ′+

µ + W ′−
µ

)
, (A.24)

W 2
µ =

i√
2

(
W ′+

µ − W ′−
µ

)
, (A.25)

W 3
µ = c′

w Z ′
µ + s′

w A′
µ, (A.26)

Bµ = −s′
w Z ′

µ + c′
w A′

µ, (A.27)

where

s′
w ≡ sin θ′

w =
g′√

g2 + g′ 2 , (A.28)

c′
w ≡ cos θ′

w =
g√

g2 + g′ 2 (A.29)

are the sine and cosine of the weak mixing angle in the
SM, determined by the SU(2) and U(1)Y couplings g and
g′ of L0. The primed fields are the physical gauge-boson
fields in absence of anomalous couplings. With anomalous
couplings the W -boson field must be renormalized by a
factor that depends on the hi, similarly to the Higgs-boson
field in (A.7). The physical neutral gauge-boson fields A
and Z are linear combinations of A′ and Z ′ with coefficients
depending on the anomalous couplings. For these relations
we refer to Sect. 3 of [7].

Appendix B: Feynman rules

In this section we list the Feynman rules that are neces-
sary for the evaluation of the diagrams in Figs. 2 to 4 in the
framework of the effective Lagrangian (1.2). These Feyn-
man rules are obtained after expressing the field operators
in (1.2) in the physical fields A, Z, W± and H [7]. All
constants are expressed in terms of the parameters of the
PW scheme, i.e. in terms of α(mZ), GF, mW , mH and the
ten anomalous couplings hi; cf. Table 3 in [7]. As in [7]
we use the abbreviation e =

√
4πα(mZ) for the positron

charge at the scale of the Z mass. After linearization in
the hi a vertex with given fields can be written as the sum
of the SM vertex and the vertices proportional to the hi.
Here we list the SM vertices and the vertices proportional
to the hi separately. In all cases the momenta belonging
to lines to the left of a vertex are incoming whereas those
belonging to lines to the right of a vertex are outgoing. The
Feynman rules for the SM vertices and for the anomalous
γWW , γγWW and γγH vertices are shown in Figs. 10 and
11, respectively.

The SM vertex functions are

Γ
(3) µ1µ2µ3
SM = gµ1µ2(q1 + q2)µ3 (B.1)

−gµ1µ3(q1 + q3)µ2 + gµ2µ3(q3 − q2)µ1 ,

Γ
(4) µ1µ2µ3µ4
SM = gµ1µ3gµ2µ4 (B.2)

+gµ1µ4gµ2µ3 − 2gµ1µ2gµ3µ4 ,
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γ(q1)

W+(q3)

W−(q2)
µ1

µ3

µ2

= ieΓ (3) µ1µ2µ3
SM ,

γ(q2) W+(q4)

γ(q1) W−(q3)

µ2

µ1

µ4

µ3

= ie2Γ
(4) µ1µ2µ3µ4
SM ,

H(q)

W+(q2)

W−(q1)

µ2

µ1

= iΓ (WWH) µ1µ2
SM

Fig. 10. Feynman rules from the SM Lagrangian. The momenta
of the particles are indicated in bracket. The momentum flow
is always from left to right

γ(q1)

W+(q3)

W−(q2)
µ1

µ3

µ2

= ieΓ (3) µ1µ2µ3
an ,

γ(q2) W+(q4)

γ(q1) W−(q3)

µ2

µ1

µ4

µ3

= ie2Γ (4) µ1µ2µ3µ4
an ,

γ(q2)

γ(q1) H(q)

µ2

µ1

= iΓ (γγH)µ1µ2
an

Fig. 11. Feynman rules for the anomalous vertices. The mo-
menta of the particles are indicated in brackets. The momentum
flow is always from left to right

Γ
(WWH) µ1µ2
SM = 2m2

W

(√
2GF

)1/2
gµ1µ2 . (B.3)

The anomalous vertex functions are (for the definition
of s1 and c1 see (2.12)):

Γ (3) µ1µ2µ3
an = 6hW

√
2GF

s1

e

× (qµ1
2 qµ2

3 qµ3
1 − qµ1

3 qµ2
1 qµ3

2

+(gµ2µ3qµ1
3 − gµ1µ3qµ2

3 ) q1 ·q2

+(gµ1µ2qµ3
2 − gµ2µ3qµ1

2 )q1 ·q3

+ (gµ1µ3qµ2
1 − gµ1µ2qµ3

1 ) q2 ·q3 )

+6hW̃

√
2GF

s1

e

× (qµ2
3 εµ1µ3ρσq1 ρq2 σ − qµ3

2 εµ1µ2ρσq1 ρq3 σ

− gµ2µ3εµ1νρσq1 νq2 ρq3 σ − q2 ·q3 εµ1µ2µ3σq1 σ)

+hWB
c1

s1
(gµ1µ2qµ3

1 − gµ1µ3qµ2
1 )

+hW̃B

c1

s1
εµ1µ2µ3σq1 σ, (B.4)

Γ (4) µ1µ2µ3µ4
an = −6hW

√
2GF

s1

e

×
(
gµ1µ2gµ3µ4(q1 + q2)·(q3 + q4)

−gµ2µ3gµ1µ4(q2 ·q4 + q1 ·q3)

−gµ1µ3gµ2µ4(q1 ·q4 + q2 ·q3)

+gµ1µ3 (qµ4
1 (q4 − q3)µ2 + qµ4

2 qµ2
3 + qµ2

1 qµ4
3 )

+gµ1µ4 (qµ3
1 (q3 − q4)µ2 + qµ3

2 qµ2
4 + qµ2

1 qµ3
4 )

+gµ2µ3 (qµ4
2 (q4 − q3)µ1 + qµ4

1 qµ1
3 + qµ1

2 qµ4
3 )

+gµ2µ4 (qµ3
2 (q3 − q4)µ1 + qµ3

1 qµ1
4 + qµ1

2 qµ3
4 )

−gµ1µ2 ((q1 + q2)µ3qµ4
3 + (q1 + q2)µ4qµ3

4 )

−gµ3µ4 ((q3 + q4)µ2qµ1
2 + (q3 + q4)µ1qµ2

1 )
)

−6hW̃

√
2GF

s1

e
(gµ1µ3εµ2µ4ρσq2 ρq3 σ

+qµ3
4 εµ1µ2µ4σ(q2 − q1)σ + gµ1µ4εµ2µ3ρσq2 ρq4 σ

+(q4 − q3)µ1εµ2µ3µ4σq2 σ + gµ2µ3εµ1µ4ρσq1 ρq3 σ

+(q4 − q3)µ2εµ1µ3µ4σq1 σ + gµ2µ4εµ1µ3ρσq1 ρq4 σ

+gµ3µ4εµ1µ2ρσ(q2 − q1)ρ(q3 + q4)σ

+ qµ4
3 εµ1µ2µ3σ(q2 − q1)σ) (B.5)

Γ (γγH)µ1µ2
an

= 2 (hϕWB − 2hWBs1c1) (qµ2
1 qµ1

2 − gµ1µ2q1 ·q2)

+4
(
hϕW̃B̃ − hW̃Bs1c1

)
εµ1µ2ρσq1 ρq2 σ. (B.6)

Here the centred dots denote invariant four products. The
Feynman rules for the W -boson decays in the PW scheme
are identical to the SM ones.
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Appendix C: Particle momenta
and polarizations

The production process γγ → WW is calculated in the
c.m. system of the two photons. Our coordinates are defined
in Sect. 2. For the incoming photons and outgoingW bosons
we use the polarization vectors

εµ
1 (λ1) =

1√
2

(0, −λ1, −i, 0), (C.1)

εµ
2 (λ2) =

1√
2

(0, λ2, −i, 0), (C.2)

εµ
3 (λ3)∗ =

1√
2

(0, −λ3 cos Θ, i, λ3 sin Θ), (C.3)

εµ
4 (λ4)∗ =

1√
2

(0, λ4 cos Θ, i, −λ4 sin Θ), (C.4)

εµ
3 (0)∗ =

√
s

2mW
(β, sin Θ, 0, cos Θ), (C.5)

εµ
4 (0)∗ =

√
s

2mW
(β,− sin Θ, 0, − cos Θ), (C.6)

where β = (1 − 4m2
W /s)1/2 and the asterisk denotes com-

plex conjugation. The helicities λ1 and λ2 of the photons
and λ3 and λ4 of the W bosons take only the values +1 or
−1 here. The vectors of longitudinal polarization of the W s
are separately given in the last two equations. In the frames
specified in Sect. 2 (see (2.6) and the following equations),
the four-momenta of the final-state fermions are

pµ
1 =

1
2

√
k2
3 (1, sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ), (C.7)

pµ
2 =

1
2

√
k2
3 (1, − sin ϑ cos ϕ, − sin ϑ sin ϕ, − cos ϑ),

(C.8)

pµ
3 =

1
2

√
k2
4 (1, − sin ϑ cos ϕ, − sin ϑ sin ϕ, − cos ϑ),

(C.9)

pµ
4 =

1
2

√
k2
4 (1, sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ). (C.10)

Here we neglected all masses of the final-state fermions.

Appendix D: Helicity amplitudes

In this section we list the helicity amplitudes for γγ → WW
in (2.8) and the relevant l-functions describing the W -decay
amplitudes in (2.8) and (2.10).

In the helicity amplitudes M(λ1, λ2; λ3, λ4) in (2.8)
altogether 36 combinations of the photon helicities λ1 and
λ2 and W -boson helicities λ3 and λ4 are possible. In order
to give the amplitudes in a convenient way we distinguish
between longitudinal and transverse W helicities. Thus, in
the following

λ1, λ2, λ3, λ4 = ± 1, (D.1)

whereas the amplitudes where one or both W bosons have
longitudinal polarization are listed separately. The ampli-
tudes M(λ1, λ2; 0, λ4) can be obtained from the ampli-
tudes M(λ1, λ2; λ3, 0) by the replacements (λ3 → λ4) and
(λ1 ↔ λ2). We use the abbreviations

A =
(
1 − β2 cos2 Θ

)
, B = s − m2

H , (D.2)

β =
√

1 − 4 m2
W /s, γ =

1√
1 − β2

=
√

s

2 mW
. (D.3)

For the SM amplitudes we obtain

MSM(λ1, λ2; 0, 0) (D.4)

=
ie2

γ2 A

(
(γ2 + 1)(1 − λ1λ2) sin2 Θ − (1 + λ1λ2)

)
,

MSM(λ1, λ2; λ3, 0)

=
−ie2

√
2

γA
(λ1 − λ2)(1 + λ1λ3 cos Θ) sin Θ, (D.5)

MSM(λ1, λ2; λ3, λ4)

=
−ie2

2A
(2β(λ1 + λ2)(λ3 + λ4)

−γ−2(1 + λ3λ4)
(
2λ1λ2 + (1 − λ1λ2) cos2 Θ

)
+(1 + λ1λ2λ3λ4)(3 + λ1λ2)

+2(λ1 − λ2)(λ3 − λ4) cos Θ

+ (1 − λ1λ2)(1 − λ3λ4) cos2 Θ
)
. (D.6)

These results agree with [22] apart from an overall factor
of −i. Note the different definition of γ (these authors use
γ = s/m2

W ).
The following results are obtained for the parts of the

amplitudes (2.11) that multiply an anomalous coupling
where the subscript denotes the corresponding coupling;
see (2.12) for the coefficients s1 and c1:

MW (λ1, λ2; 0, 0)

=
3iess1

√
2GF

γ2 A
sin2 Θ(1 + λ1λ2), (D.7)

MW (λ1, λ2; λ3, 0)

=
3iess1GF

2γA
sin Θ

×
(
(λ1 − λ2)β2 − β cos Θ(λ1 + λ2)

− 2λ3 cos Θ(λ1λ2 + γ−2)
)
, (D.8)
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MW (λ1, λ2; λ3, λ4)

=
3iess1

√
2GF

4A

×
(
−γ−2β(1 + cos2 Θ)(λ1 + λ2)(λ3 + λ4)

+2 sin2 Θ (3 + λ3λ4 + λ1λ2(1 − λ3λ4)

− β(λ1 + λ2)(λ3 + λ4))

−2γ−2 (2 + (1 − λ1λ2)λ3λ4

− cos2 Θ(3 + λ1λ2 + 2λ3λ4)
))

, (D.9)

MW̃ (λ1, λ2; 0, 0)

= − 3ess1
√

2GF

γ2 A
sin2 Θ(λ1 + λ2), (D.10)

MW̃ (λ1, λ2; λ3, 0)

=
3ess1GF

2γA
sin Θ (D.11)

× (β(λ1 − λ2)λ3

+ cos Θ
(
2β + (2 − β2)(λ1 + λ2)λ3

))
,

MW̃ (λ1, λ2; λ3, λ4)

= − 3ess1GF√
2A

×
(
2 sin2 Θ(λ1 + λ2 − β(λ3 + λ4))

+γ−2 ((λ1 + λ2)
(
cos2 Θ(2 + λ3λ4) − 1

)
− β(cos2 Θ + λ1λ2)(λ3 + λ4)

))
, (D.12)

MϕW (λ1, λ2; 0, 0)

= − is2s2
1

√
2GF

4B
(1 + β2)(1 + λ1λ2), (D.13)

MϕW (λ1, λ2; λ3, 0) = 0, (D.14)

MϕW (λ1, λ2; λ3, λ4)

= − is2s2
1

√
2GF

8γ2 B
(1 + λ1λ2)(1 + λ3λ4), (D.15)

MϕW̃ = 2iλ1 MϕW , (D.16)

MϕB =
c2
1

s2
1

MϕW , (D.17)

MϕB̃ =
c2
1

s2
1

MϕW̃ , (D.18)

MWB(λ1, λ2; 0, 0)

=
2ie2

A

c1

s1

(
1 − λ1λ2 − 2 cos2 Θ − γ2(1 + λ1λ2) sin2 Θ

)

+
is2GF√

2B
s1c1(1 + β2)(1 + λ1λ2), (D.19)

MWB(λ1, λ2; λ3, 0)

=
ie2γ√

2A

c1

s1
sin Θ

(
(λ2 − λ1)(1 + γ−2)

+
(
β(λ1 + λ2) + 2λ3(λ1λ2 − γ−2)

)
cos Θ

)
, (D.20)

MWB(λ1, λ2; λ3, λ4)

= − ie2

2A

c1

s1

×
(
β(λ1 + λ2)(λ3 + λ4)(1 + cos2 Θ)

+2 (2 + (λ1 − λ2)(λ3 − λ4) cos Θ

+
(
(λ1λ2 − 1) cos2 Θ + 1 + λ1λ2

)
λ3λ4

))
+

is2
√

2GF

4γ2B
s1c1(1 + λ1λ2)(1 + λ3λ4), (D.21)

MW̃B(λ1, λ2; 0, 0) (D.22)

= 2e2 c1

s1
γ2(λ1 + λ2) − s2GF√

2B
s1c1(1 + β2)(λ1 + λ2),

MW̃B(λ1, λ2; λ3, 0)

=
e2γ√
2A

c1

s1
sin Θ (D.23)

×
(
β(λ2 − λ1)λ3 − cos Θ

(
2β + β2(λ1 + λ2)λ3

))
,

MW̃B(λ1, λ2; λ3, λ4)

=
e2

A

c2
1

s1

(
λ3(λ1 + λ2) + β(λ1λ2 + cos2 Θ)

)
(λ3 + λ4)

− s2
√

2GF

4γ2B
s1c

2
1(λ1 + λ2)(1 + λ3λ4). (D.24)

The l-functions used in (2.8) and (2.10) are given by

l± = d∓(ϑ)e±iϕ, l0 = −d0(ϑ), (D.25)

l̄± = d∓(ϑ)e∓iϕ, l0 = −d0(ϑ), (D.26)

with d±(x) = (1 ± cos x)/
√

2 and d0(x) = sinx.
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